Proceedings of the 1996 IEEE International
Conference on Control Applications
Dearborn, Ml » September 15-18, 1996

Energy Based Control of Pendulum

- WA06 10:50

Masafumi IWASHIRO *, Katsuhisa FURUTA * and Karl J. Astrom **

* Department of Mechanical and Environmental Informatics, Tokyo Institute of Technology *
#% Department of Automatic Control, Lund Institute of Technology 2

0-7803-2975-9/96/$5.00 © 1996 IEEE

Abstract

We have studied several conirol algorithms using
pendulums. In this paper we consider a golf shot
by a rotational type pendulum, that is, swinging a
pendulum and hitting a golf ball by it. Firstly, we
propose a control method based on an energy prin-
ciple. Secondly, a control method in which the angle
and energy of the pendulum are regulated is pre-
sented. The effectiveness of the proposed methods is
shown by the experiments.

1. Introduction

The inverted-pendulum has been widely used in con-
trol laboratories to demonstrate the effectiveness of
control system [1] [2] [4] in an analogy with the con-
trol of launching a rocket. The stabilization of not
only a single inverted pendulum but also a double
inverted pendulum and also multiple inverted pen-
dulum using hinge control have also been studied.
[5] [6] [8] Stabilization using feedback is one aspect
of control, but there exists the other important issue
to transfer the state from one equilibrium to the oth-
ers. In contrast to the usual inverted pendulum, the
swinging one cannot be regulated by a simple linear

- time-invariant controller. We have studied the prob-
lem to transfer a state of a double pendulum from
a pendant state to the inverted one with controlling
total kinematic energy of the system. [17]

In this paper, we propose a golf shot with a rota-
tional type pendulum shown in Figure 1 in the sense
of an application of energy based control that is used
in the swinging pendulum. To shoot a golf ball, En-
ergy is accumulated and is released it at the moment
of impact. The non-actuation at the hinge of the
pendulum makes it efficient because the free joint
generally has less friction than actuated one. Be-
sides this, good response data at the impact may be
available. But it becomes more difficult to control it
s0 as to shoot a ball accurately, so we adopt a control
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method in which the angle of base and the energy of
the pendulum are regulated. The proposed methods
are applied to a TITech type pendulum, and experi-
mental results will show that the proposed methods
are effective and reliable for an actual implementa-
tion.

2. System Description

2.1. Special features of the rotate type

We have developed a rotationally driven pendulum
of which a impact head is attached at the end shown
in Figure 1. The pendulum has the following prop-
erties:

1. The first joint around which control input is ex-
erted does not have hardware limitation about
movement.

2. The pendulum is attached to a rigid arm fixed
to a rotor of an actuator and there are less dy-
namic uncertainties than conventional one on
a linear moving cart.

3. The actuator is a direct drive motor so it is free
from backlash and flexibility of gear transmis-
sions.

2.2. Modeling of the system

In order to derive a dynamic equation, coordinate
frame systems shown in Figure 2 are introduced and
parameters of the pendulum are defined in Table 1.
Using the parameter in it Newton-Lagrangian formu-
lation gives us the following dynamic equations:

Mi+Cig+G=r1 (1)
where
qa = [009 01]T>
M = [ Jo +my (L2 +13sin® ;) myLol; cosfy
o L mlLoll COos 91 Jl + mllf
[ m, 13 sin 6 cos 6.6, +do myl2sin 6, cos 01_6i0
C = . —'InlL()ll sin 0101
—1m113 sin 01 €os 818 dy
[ 0
G = ] —myligsiné; ]
r = [u,0]7 (% is input torque by the motor)



3. Energy Based Control in a Golf Swing

To shoot a golf ball by the pendulum, it accumulates
energy by the control and releases it at the impact.
We adopt two control methods for the golf swing by
pendulum, acceleration and regulation of its energy
and base angle 8, in order to shoot the golf ball ac-
curately.

3.1. Acceleration of pendulum
The basic idea is that the input is exerted toward the
direction that energy of pendulum increases. Con-
sider the motion of a single pendulum for which the
input aceeleration is horizontally affected. Then the
dynamic equation is

muyl cos

0 .
6 = mglsin @
Wis™ "Ehauld ™ Be ™ dmulcos()
where # 1s its angle from a vertical line. The total
energy of system and its time derivative are given by

1 .
E = —é7n1202 + mgl cosd
B mul cos 08
—_— = 03 68,
@ This™ &6t be -mulcos()
Taking F,.; as the reference of energy, the control

input is determined so that E,.y — E approaches to
zero as follows.

U = Sato(ke(Eres — E)) - sign(cos 6 - 9)

where k. > 0 is a design parameter. In this expres-
sion, sat,(z) denotes a function which saturates at
« and sign{z) is following sign function.

1 (z>0)
sigh(z) = 0 (z=0)
-1 (z<0)

In Figure 3. a simulation result of rotate type pen-
dulum is shown as time series of the head speed of
pendulum.

3.2. Regulation of energy of pendulum and
base

In a beginning, we show the simplification of dynamic
equation of the pendulum. ‘A general equation of
pendulums with force or torque input u is

ma maz | pE Ly |
Mmy1 Moy 0 g | 1O

where z denotes position of a base to which a actu-
ator is attached, 0 is angle of pendulum. Let f be
acceleration of base. By substituting the input »

M12M21 My2892
u= (mu - f- ———g—+91

) ma2

into the above equation. the follows are derived.

o= f
i = -9

mao1
ma2

Mmoo

Dynamics equations of linear moving type pendulum
can deform as below

f
kisiné  kycos (2)
m22

ma2

where ki, ko, mog are constants. There is no influence
from the motion of pendulum to base position in this
equation.

In order to explain concisely, we use this simplified
model with ky, k2, mas = 1 for following discussion.

151 = T2

.7::2 = sinz; + cosziu 3)
X3 = T4

.’E'4 = U

where

z; : angle of pendulum

zp : angular velocity of pendulum
z3 : position of base

x4 : velocity of base.

Let energy of pendulum be pq, position of base p;
and its velocity p3

n = w§+2cosx1+c
pz2 = Ig
Pz = I4

and we consider following Lyapunov function V.

Vo= kyp? + kopl + kapZ > 0 (k1. ks, k3 > 0)

Time derivative of V is given by

dv
‘d—t = (4k1p13)2 coszy + 2]\?3/)3 )'U, + 2k2$3l‘4.

Substituting following controller u

u = —4dkypyzacos Ty — kppa — Zkaps (kp > 0)
into it, then
av kypp z
— = —{4kiprizacosz + el + 2k3p3
dt 2
k2 8k
+—f02 (ﬂz =+ k—;m) (4)
P

If dV/dt is negative then pi1.p2 and ps can converge
to zero. The first term of (4) is always non-positive
and the set (ps. p3} which second term of (4) is always
non-positive is the gray part in the following figure.
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The slant is equal to ——k?)/Skz < 0 and the gray part
approaches to the second quadrant and the fourth
one if we set ky sufficiently bigger than k;.

When (p2, p3) is in the first quadrant or the third one
which dV/dt may become positive, the controller is
switched to the other method so as to transfer state
to the second quadrant or the fourth one. Choosing
a switching line 0 = 0 which lies in the second quad-
rant and the fourth one, then reachable condition to
the line is o - & < 0. While it may require an infinite
time to reach the line by this condition, the state
transfers into the second quadrant or the fourth one
in a finite time before reaching the line.

Ps

We take a switching line o : kps+p3 = 0(0 < k < 00)
and the input v = —kppz — kgps, then

(kp2 + p3)(kps + u)
k,
—-,f-(kﬂz + p3)(kpz + k(ka — k)/kyps)

o-F

il

k
= ~—£(k,:.93 +24)2 <0
[If we choose k as k(kq — k)/kp = 1]
If 0 < 24/k, < kq then k& > 0 and the reachable
condition is satisfied. In Figure 4, a simulation result
of rotate type pendulum is shown as time series of

the angle and the angular velocity of pendulum. In
Figure 5, error of py, p2, p3 from references are shown.
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4. Experimental Result

In Figure 6. a schematic drawing of the experimen-
tal systems is shown and parameters of the system
are given in Table 2. The controller was realized on
VME board with 68040 (25 MHz) and #; and 8, were
measured by optical encoders. The operating system
was vxWorks and the control period was 1.5 [msec].
The head speed, trajectory, face angle and position
of the club head just before impacts were measured
by a golf training machine. The moments of impacts
were observed by a photo sensor to switch control
methods.

Physical conditions of the system are as follows.

o Position of a golf ball before impacts is fixed
and known. It was placed at 83 = 0,0, = 7.

e If the angle between base and ball is smaller
than 0.5 [rad], the pendulum contacts the golf
ball.

o If the speed of a pendulum end becomes 50
[m/sec], then a period of rotation #1is about
0.13[sec].

Golf swings by the rotate type pendulum were exe-
cuted by three steps, acceleration of pendulum, shift-
ing base to ball position with controlling energy and
move base after the impact shown Figure 7. In Fig-
ure 8 the angle of base 6y of an experimental result
is shown and the angle and the angular velocity of
pendulum are shown in Figure 9. The time that the
impact was observed is 3.0885 second and the states
just before and right after it are as follows.

6o —6.306 —6.302
6 | | 3.203 3.238

6 || 2645 2.536 -
6, 35.081 23.562

Figure 10 and Figure 11 are magnified plots near the
impact and a picture right after impact is shown in
Figure 12. From these experimental results as ini-
tial condition, the golf ball trajectories are given as
shown Figure 13. We employ the aerodynamics of
golf balls given by [16] and assume that the loft an-
gle of golf club is 12 degree.

5. Conclusion

In this paper we have proposed a golf shot with a ro-
tate type pendulum by control methods based on an
energy principle. The effectiveness of the proposed
methods is shown by the experiments.
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6y angle of the actuated first joint

0, angle of the pendulum from a vertical line
Ly length of the arm

L, length of the pendulum

L length from free joint to the center of mass
of the pendulum

my mass of the pendulum

Jo inertia of the arm around actuated first joint

Jy inertia of the pendulum

around the center of mass
dg,dy | viscosity of each joint

Table 1: Definitions of parameters

Lo | 0.408 [m] L, 10.92[m]

i |05 [m] “my | 0.55 [ke]

Jo | 1.2305 [N-m?] | Jy | 0.03 [N-m?]

dy | 2.3214 [N/m-s] | d; | 2.2558 x10~3 [N/m-s]

Table 2: Parameters of the system

Pendulurﬁ

Head

Figure 1: Rotate type pendulum

‘.

Figure 2: Coordinate frame systems of pendulum
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Figure 6: Schematic drawing of the experimental sys-
tem

Figure

7: Three steps of golf swing in the experiment
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Figure 8: Angle of base in an experiment
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- . Figure 12: A picture right after impact
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Figure 13: Golf ball trajectory

11: Angle and angular velocity of pendulum
close to impact
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